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Remarks on an S-Shaped Bifurcation Curve 
RATNASINGHAM SHIVAJI* 
Suhmittrd hv 1’. Lukshmikantham 
We study the non-negative solutions of the boundary value problem 
31r = i exp[ru/(r + u)]; \ta. 
2, = 0; .Y t iR. 
where r > 0, i 2 0. Q c R” is bounded with smooth boundary CCL!. 
This problem arisea In the theory of combustion. We study the estimates on the 
supremum norm of the solutions and estimates on the critical values of i.. ( IYXS 
Academc Pro,. Inc 
I. INTRODUCTION 
We consider non-negative solutions of the boundary value problem 
(1.11, 
where r > 0, L 3 0, B c R” is bounded with smooth boundary dQ. This 
problem arises in the theory of combustion. It has been discussed in [ 1, 21 
and in the references cited therein. Note that ,f’(u) > O,,~“(U) > 0 for 
0~ UC $(M-2) and ,j”‘(u) ~0 for u>tcx(cc-2). Also ,f(u) -+exp.cc as 
u + cc. In [l] we prove that for each i. > 0 there exists a non-negative 
solution. In particular we prove that if a k 4 then {u/f(u) } is non-decreas- 
ing and so there exists only a unique non-negative solution and that if r > 4 
and large enough there exists a range of L for which there exists at least 
three non-negative solutions. In 12, 31 we prove that for every c1 there 
exists only a unique solution for small and large values of I.. All these 
results indicate that the bifurcation diagram is roughly S-shaped when r is 
large. 
In this paper we study the following: 
(A) Estimates on the supremum norm of the solutions. 
(B) Estimates on the critical values of 1. 
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While studying (A) we also prove that the function 
H(u)=il:exp($V)dV-:exp(z) 
= F(u)+-(u) 
takes negative values for all u greater than or equal to some CI,,( > 4) which 
proves that the bifurcation diagram in the case when Sz = (0, 1) c R has 
turning points for all CI 3 z0 (see [ 1 ] ). In [ I] we used numerical techniques 
for the evaluation of the function H. We study (A) in Section 2 and (B) in 
Section 3. 
2. ESTIMATESON THE SUPREMUM NORM 
Let p = SU~,,~ U(X). Then we have 
IVul 6 Jwmd - F(u)1 (2.1) 
where F(U) = lr;,r(~;) do ( see Sperb 143). Assume that U(X) attains its 
maximum at the point z E Q (see Fig. 1). Choose the closest point z1 on the 
boundary Q from 2. Let x be any point on the segment zzr and let dist 
(z, X) = Y. Then from (2.1) we have 
du -- 
dr d&W(P) - F(u)1 
FIGURE 1 
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Then it follows that 
where d=+.supr,.vEn Ix-yl. That is, 
(2.2) 
(2.3) 
It is straightforward to show that p + G(p) is a continuous function with 
G(0) =O. Also a straightforward computation and use of the Lebesgue 
dominated convergence theorem shows that 
(2.4) 
where H(u) = F(U) - (u/2)f(u). We now study the function H(u). 
H’(u) =; U‘(u) - d-‘(u)) 
u2 + (2cr - cc*) u + a2 
(ci+u)2 
(2.5) 
Hence if CI 64 then H’(u) 20 and so G’(p) >O. That is, G has the shape 
shown in Fig. 2. In fact, one can graph G(p) by using numerical 
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G(P) 
FIGLKE 2 
quadrature. Here the difficulties which may arise from the improper 
integral in (2.2) can be avoided by integrating by parts to obtain 
(qp,=&rn J5 p --+,1?1, d’%?-%(++. (2.6) d .f(o) 
Hence clearly when tl< 4, combining (2.2) and Fig. 2 one obtains an upper 
bound for p. To be precise p(A) < Mj, (see Fig. 2). 
Next we consider the case CI > 4. Here H’(u) vanishes at 
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and at 
and H’(U)+ t exp c( as u + +m. That is, H(u) has the shape shown in 
Fig. 3. We will now prove that 3a,> 4 such that for all r 3 CI”, 
H(q(a)) = Z(a) < 0. 
LEMMA 2.1. dI/doc < 0 .for a > 4. 
ProoJ Now 
Let R(U): =jt;f(t) dt - (u/2)f(u) where S(U) =f(u)(u’/[sr f ~1’). Then 
(dZ/dor)(a) = H(u~(cc)). Now 
- Uf(Zl) il (a + u)* 2u - u2 2(a + 24) (a + u)” II 
‘2’(u) f[cr+u]*-,a*-2a[a+u]} 
= 2(cr + 2.4)” ’ 
=2;;<“;)4 {Aua2--2) 
u’f (u) 
= 2(cr + uy [ 
.-~,~+~~)][~-4~a-~~)~ 
<o if O<u<~(a+@Ti). 
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But P(O) = 0. So R(u) < 0 for all 0 < u < (cr/2)(cr + JG). Now 
379 
u (a)=4-2)+J~ 
2 2 2 
=- ~(a--2+JiFii)<~(a+JiFTi). 
Hence dZ(a)/da = R(u2(a)) -c 0. 
LEMMA 2.2. H(a, u*(a)) < 0 for a large enough. 
ProoJ First note that 
f,,(u) =f(u) @‘(a2 - 2a - 2~) 
(a+u)4 ’ 
and so,f”(u) > 0 for 0 d u < I andf”(u) -C 0 for u > I where 1= [a(a - 2)]/2. 
Let a 2 4. Then I> 1 and so 
H(Z) = j-If(t) dt+ (“f(t) dt - (1/2)f(l). 
0 1 
But f”(u) > 0 for 0 < u < 1. Hence 
= Cf(Wl f(O) f(l)/ 
i 
-- fo+ f(,) 1 . 
I 
Now 
f(l)= exp{av/[a+v]} 
= exp[a - 21. 
Hence f(O)/f(l) = l/exp[a - 23 -+ 0 when a + + co and 
f(l)/ [ 1 a( a - 2)/2 -= f(E) exp (a: 1) exp [a-2] +O 
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FIGURE 4 
when a -+ + co. Hence the result Now combining Lemma 2.1 with Lemma 
2.2 we have 
COROLLARY 2.1. There exists cq, > 4 such that H(u,(cc)) < 0 for all 
tL>Cto. 
That is, ,for M> a,, H(u) has the shape shown in Fig. 4. Hence G’(p) > 0 
for p < ul(a) andfor p > ~~(a) while G’(u,(cc)) < 0. That is, 
COROLLARY 2.2. G(p) has at least two turning points for a > cq,. 
Remark. In the special case when Q = (0, 1) c R, (2.2) reduces to 
(see [ 11) and hence Corollary 2.2 proves that the bifurcation curve is at 
least S-shaped for ~12 x0. 
It seems hard to prove that G(p) has exactly two turning points, 
However, numerical evaluation of G(p) using (2.6) shows that it has no 
turning points for a < 4.07 while it has exactly two turning points for 
GI > 4.07 (see [ 11). So we have the shape shown in Fig. 5 for G(p) for 
OI> 4.07. That is, if A< Ai(a) then p < MA, if I > A,(a) then p < &?,, and if 
Al(a) < A < &(a) then either p <n/l, or M, <p < I@, (see Fig. 5). 
We next obtain a lower bound for p. It is easy to see that NE 0 is a 
lower solution to the problem (1.1 )>.. Hence if uA is any non-negative 
solution of (l.l),, then 
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FIGURE 5 
where 
-duo(x) = 1; Q 
uo(x) = 0; fm. 
P 
(2.7) 
Hence we have p > Af (0). m = A. m where m = SUP,~.Q uO(x). So now com- 
bining all the above results we have 
THEOREM 2.1. (a) When CI <4.07: km <p(l) <iJ4, where M, is as 
shown in Fig. 2. 
(b) When CI > 4.07: 
(i) ifn<2,(cc) then Am<p(A)<MM,, 
(ii) iffn > &(cr) then Am <p(i) d HA, 
(iii) ifn,(cc) < 2 < A,(E) th en either Am <p(A) d &l, or MA <p(A) < 
A,. (Here &li., M,, A,, I,(a), I,(cr) are as shown in Fig. 5.) 
3. ESTIMATES ON THE CRITICAL VALUES OF h 
Here we assume the following: 
The bifurcation curve is exactly S-shaped, i.e., the bifurcation curve looks 
like that shown in Fig. 6. Also we assume that there exists X,EQ such that 
382 RATNASINGHAM SHIVAJI 
*A 
h* h* 
FIGURE 6 
u(xO) > w(xO) where u(x) is the maximal non-negative solution of (l.l),* 
and w(x) is the minimal non-negative solution of ( 1.1 )1,. When 
Q = (0, 1) c R this assumption clearly holds and also, as mentioned earlier, 
numerical evaluation shows that the bifurcation diagram is exactly S- 
shaped. But these assumptions are open problems for the case of PDEs. We 
will now obtain estimates on A, and J.. 
First we recall a theorem from [ 11. 
THEOREM 3.1 (see [ 11). Let D be a subregion of 0 such that the distance 
(D, X2)>0. Let M,= {Inf,..z,(x)}-’ where zl(x) satisfies 
-AZ, = X,(x); sz 
ZI =o aa 
(3.1) 
and let M, = [su~,,~u~(x)] -‘( = l/m). Let 1, and I, be such that 
0 -C 1, -C 1,. Then for all A such that 
( l.l)A has at least two non-negative solutions u and U with _u Q U. 
(3.2) 
Remark. In fact, if the hypotheses of Theorem 3.1 are satisfied (l.l), 
has at least 3 non-negative solutions -u, u*, U such that LC < U* < U (see [53). 
We will now prove that there exists an a, >4 such that if a>,a, then 
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FIGURE 7 
(3.2) is non-vacuous, Consider the function U/‘(U). For a> 4 it has the 
shape shown in Fig. 7. Let 
Then. 
LEMMA 3.1. lim, _ + a, G(a)= +a anddG/da>Ofor a>4. 
ProoJ: Now 
- 2) -- 
w(a) ala(a 2 JG7, 2 
a+u,(a)= a+ a(a-2) 
[ 
J&-Z) 
-- 2 2 1 $(a--W-&F% 
a-da- 
= [a-Jar-4)--2][a+J&Z)J 
4 
and by a similar computation 
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Also 
a(a-2) J%$Zj -- 
404 2 2 
LC)=a(a--2)+/L$7) 
2 2 
(a-2)-J&z-q 
=(cc-2)+J&z) 
4 
= [~-2+J&-q]” 
Hence 
G(a) = 
Also, 
4 
= [a--2+&zT)]’ 
expCJ=l 
--++a when a+ +m. 
>o when cr>4. 
Hence we have 
LEMMA 3.2. There exists a,, > 4 such that for all a > c-q,, G(a) > M2/M, 
and so (1.1 ), has at least three non-negative solutions for 
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(See also [ 11, where another proof was given to show that (3.2) is non- 
vacuous for a large enough.) But in [2] it was proved that ( l.l)A has a uni- 
que non-negative solution for 
06A< { [(4/a*).exp (a-2)]. l/M,} -l. 
Hence we have 
LEMMA 3.3. Let a > a,,. Then 
i[(4/a2)exp(.-2)1(1/M,))-‘~i,<M2~~ 
2 
u,(a) 
M’f(ul(a)) < x*. 
(3.3) 
Next we obtain an upper bound for I*. Let c(, > c(~ and assume that the 
bifurcation diagram of (l.l), is as shown in Fig. 6. Let a2 < c(r. Then w  is an 
upper solution for ( l.l)z* for GI = ~1, since af/aa > 0. Now consider v. u 
satisfies 
alo 
-Av=&exp - ; 
[ 1 
f2 
a, $0 
v = 0; as2. 
Also 
provided 
But 
1 
a20 alv exp --- 
a, + v a, +v 1 
9 A./K,. 
d/dv (a2+v)a2-a2v-(al+v)al-alv 
(a2 + 0)’ (aI + ~1’ 
a: 2 
=(a2+v)2-(a,d(i:v)2 
(3.4) 
1 1 
=(l +v/a2)2-(1 +u/a,)2 
60 since a2 6 a, . 
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Hence (3.4) is satisfied provided 
lim exp 5-x >,d,JA, 
v+5 2 a] +v 
i.e., provided exp {a2 - ~1, ) 2 &In’, i.e., provided 
a2 > a, - In (&./J,). (3.5) 
Hence v is a lower solution of (1.1 )L, for TV = c(~ provided (3.5) is satisfied. 
But N = 0 is a lower solution of ( 1.1 )n, for CI = cx2 and one can always find a 
large ( 2 v) upper solution since f(u) is bounded (see [ 1 I). Hence ( 1.1 )L* 
has at least three non-negative solutions for a = a2 3 a, -In (&/A,). But 
we know that if a < 4 then ( 1.1) j, has a unique non-negative solution for all 
A. Hence we have the following. 
LEMMA 3.4. Let a > 4 such that the bifurcation diagram of (1.1 )j. is 
exactly S-shaped as in Fig. 6. Then 
a - In (I,/&) > 4, 
i.e., 
2, <I.,. exp (a-4). (3.6) 
Now combining (3.3) and (3.6) we have 
THEOREM 3.2. Let a 1 a0 such that the bifurcation diagram of (1.1 ), is 
exactly S-shaped as in Fig. 6. Then 
(A) {1(4/a2)exp(a-2~}~~‘~l.,<~, 
1 2 
(B) 
u,(a) u2(a) 
Mlf(ul(a)J < 1, < M2ftu2ta)) .exp (a - 4). 
(3.7) 
Further we have 
LEMMA 3.5. 
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Proof. (i) Since 
u (+~(~-2)+Jio 
2 2 2 ’ 
(ii) Since 
u (4-2bpG-7 
I 2 
= a/2 . 
4 
(a-2)+Jar(a-4) 
+l 
UI(@) -= 
f@z4, exp au1 
[ 1 
-+e-’ 
a+u, 
as ~4~x3, 
as ~1-03. 
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